Quantum coherence is a fundamental aspect of quantum physics and plays a central role in quantum information science. This essential property of the quantum states could be fragile under the influence of the quantum operations. The extent to which quantum coherence is diminished depends both on the channel and the incoherent basis. Motivated by this, we propose a measure of nonclassicality of a quantum channel as the average quantum coherence of the state space after the channel acts on, minimized over all orthonormal basis sets of the state space. Utilizing the squared l1-norm of coherence for the qubit channels, the minimization can be treated analytically and the proposed measure takes a closed form of expression. If we allow the channels to act locally on a maximally entangled state, the quantum correlation is diminished making the states more classical. We show that the extent to which quantum correlation is preserved under local action of the channel cannot exceed the quantumness of the underlying channel. We further apply our measure to the quantum teleportation protocol and show that a nonzero quantumness for the underlying channel provides a necessary condition to overcome the best classical protocols.
I. INTRODUCTION
Quantum coherence arising from superposition is the most fundamental aspect of quantum mechanics and is responsible for the nonclassical properties of quantum systems. The role of quantum coherence in the wide range of areas, e.g. thermodynamics, quantum algorithms, quantum correlations, biology, etc. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] shows the importance of its investigation. Although it is not a new concept and is as long-standing as quantum mechanics itself, the study of quantum coherence as a quantum resource theory (QRT) [13] has attracted a lot of interest recently.
On the other hand it is understood that quantum channels, the completely positive and trace preserving maps, could reduce quantum coherence of the states. Quantum channels provide a framework to investigate coherence behavior under different dynamics and noises. Cohering power and decohering power [14, 15] in analogy to entangling power [16, 17] for quantum operations and also classification of quantum channels based on the coherencebreaking property [18] in comparison with entanglementbreaking channels [19] arose from these investigations. Another important class of channels is the so-called semiclassical channels, those that map all input quantum states into ones which are diagonal in the same basis; ∀ρ : E(ρ) = n p n (ρ)|n n| [20] . Clearly, as a result of applying a semiclassical channel the space of quantum states changes into a classical one, meaning that all states are distinguishable by a classical observer measuring states with respect to the channel's diagonal basis [21] .
The QRT provides preliminaries to recognize the interrelations between coherence and different physical theories [1] [2] [3] [22] [23] [24] [25] [26] [27] . Particularly, it has been shown that * fereshte.shahbeigi@mail.um.ac.ir † akhtarshenas@um.ac.ir coherence is the resource in the process of generating entanglement in bipartite systems [1, 2] . Furthermore, one of the most significant results is that quantum discord type correlations are simply the minimum amount of quantum coherence of the bipartite system with respect to the local product basis [26] . In view of this, the inability of semiclassical channels in the local creation of quantum correlations is predictable as they remove all coherence of the state they are applied on. Actually, it has been shown that for the creation of quantum correlation via local channels in finite-dimensional systems, a necessary and sufficient condition for channels is that they should not be commutativity preserving [28] . A quantum channel E is said to be a commutativity preserving channel if it preserves the commutativity of any two compatible states, i.e., ∀ ρ, ξ : [ρ, ξ] = 0, then [E(ρ), E(ξ)] = 0 [28] . Clearly semiclassical channels are commutativity preserving, so nonsemiclassicality is a necessary condition to create quantum correlations locally. Particularly in qubit systems, the necessary and sufficient conditions for channels are nonunitality and nonsemiclassicality [20] . These results lead us to conclude that there should be connections between the amount of nonsemiclassicality of one-party channels and quantum correlations of the bipartite states. Furthermore, one can claim that nonunitary quantum channels generally induce decay in quantum properties of the states with respect to some orthonormal basis that the coherence of most outputs is reduced. This is at the heart of the channels' contraction effect on the space of states, the case of semiclassical channels is the special one making the states completely classical. In other words, a semiclassical channel washes out quantum coherence of the input states making the states distinguishable by a classical observer. We adapt this as our notion of classicality of channels and pursue the question of how far a channel is from this very notion of classicality. Our notion of classicality is different from the one given in [21] based on the concept of einselection, characterizing a classical operation as a one that commutes with the com-pletely dephasing process. Here we introduce a measure to quantify the amount of quantumness preserved by the channel, along with a natural coherence-based criterion to decide whether or not a given channel is semiclassical. We further investigate the local action of the channels and show that the quantumness of the channel provides an upper bound for the quantum correlations of the associated Choi states. Moreover, by applying the measure to quantum teleportation protocol, we show that the quantumness of the underlying channel provides a necessary, but not sufficient, condition to overcome the best classical protocols.
The paper is organized as follows. In Sec. II, we introduce our method to quantify the quantumness of the channels. A closed form for the quantumness of the qubit channels and its properties are also presented in Sec. II. Section III is devoted to study local action of the qubit channels. In particular, we identify a relation between the channel's quantumness and the quantum correlation of its associated Choi state. Application of the introduced measure to quantum teleportation protocol is presented in Sec. IV. The paper is concluded in Sec. V with a brief discussion.
II. QUANTUMNESS OF THE QUANTUM CHANNELS
Quantum coherence is evidence of the existence of the quantum properties in a given state. In order to investigate the amount of quantumness of the state space, a good candidate is to average on coherence of all states. Such an average indicates the quantumness of the state space with respect to an assumed incoherent basis. It turns out that minimization over all orthonormal basis sets results in finding the one that most of the states behave more classically with respect to it. Obviously, without any evolution in states, the state space is so symmetric that the minimization is completely pointless. The importance of such optimization appears in the case of the nonunitary evolution of states and the result addresses the question of how much quantumness a quantum channel preserves. Clearly, this is a restatement of asking how much a quantum channel deviates from a semiclassical one, as this class of operations erases the quantum coherence of all states completely. Motivated by this, we define the quantumness (or, equivalently, the nonsemiclassicality) of a quantum channel as
where subindex C denotes that the defined quantity depends on the chosen measure of coherence, and the factor N C is introduced in order to normalize the desired quantity at the end. Above, the integration is to average on coherence of all states. Moreover, regarding that coherence is a base dependent concept, the minimization taken over all of the orthonormal basis ensures that Q C (E) is independent of the particular choice of the incoherent basis. If we skip the optimization of Eq. (1), the resultant quantity represents the deviation of the quantum channel E from coherence breaking maps [18] with respect to an assumed incoherent basis. Such a quantity, intuitively, cannot be less than Q C (E) for a general quantum channel E. It could be straightforwardly proved, because of the non-negativity condition of any bona fide measure of coherence, that Q C (E) ≥ 0 and it is zero if and only if the quantum channel is semiclassical. Furthermore, as a result of integration over all input states, the equality Q C (E • U) = Q C (E) holds and minimization over all incoherent bases leads to Q C (U • E) = Q C (E), where U is an arbitrary unitary map, U(·) = U · U † for unitary operator U . So as an immediate corollary, the nonsemiclassicality of any unitary map is the same as the one of identity channel I with no action on its input states,
Before we proceed further with Eq. (1), we have to choose a suitable measure of coherence [1, 2, 4, 13, 27, [29] [30] [31] [32] . One of such measures that satisfies all conditions imposed by QRT is the so called l 1 -norm of coherence [13] defined by C l1 (ρ) = i,j i =j |ρ ij |. On the other hand, it is shown that the sum of the squared absolute values of all off-diagonal elements violates monotonicity [13] , however for qubit systems it coincides, up to a normalization factor 1/2, with the squared l 1 -norm of coherence, C 2 l1 (ρ), and satisfies the properties of a bona fide measure of coherence (see Appendix A for the proof). In the following section we focus on qubit channels and show that the minimization specified in Eq. (1) can be calculated analytically for the squared l 1 -norm of coherence.
A. Qubit channels
The effect of the qubit channel E is an affine transformation on the Bloch sphere; E : r −→ r = Λr + t, where r is the Bloch vector of the input state. Here the 3 × 3 matrix Λ and the vector t are features of the channel E. Having this in mind, to be more computable, we choose the squared l 1 -norm as the measure of coherence and derive an explicit expression for the quantumness of qubit channels. To apply Eq. (1) in this case, one has to measure the quantum coherence of any state E(ρ) = (1 2 + r · σ)/2 with respect to an arbitrary orthonormal basis {|n+ , |n− }, where |n+ = cos . A straightforward calculation shows that
which can be used to obtain the quantumness of the qubit channels
Above we set N C 2 l 1 = 5/2 and the minimum is taken over all unit vectorsn ∈ R 3 . Also the last equality follows from (Λr ×n) · (t ×n)d 3 r = 0, arisen from the fact that for any r in the integration there is a corresponding −r. 
where M = 1 2 (ΛΛ t + 5tt t ). The minimum is achieved whenn is an eigenvector of M corresponding to the largest eigenvalue, so that
where
are eigenvalues of M in nonincreasing order. Equation (5) provides an explicit expression for the quantumness of qubit channels. The quantumness defined by Eq. (5) is bounded above by 1. To see this note from Eq. (4) that
holds for any unit vectorn. Recalling that the trace of a matrix is independent of the basis chosen, one can define {n,n ⊥ ,n ⊥ } as a set of orthonormal basis, so Q C 2
. This holds for any orthonormal basis, hance for any basis withn ⊥ · t =n ⊥ · t = 0 we find
Here, the last inequality follows from the fact that singular values of Λ cannot be greater than 1, so the expectation value of ΛΛ t on any normalized vector is bounded above by 1.
Interestingly, the unitary channels are the only channels that reach the maximum quantumness 1. Recalling that quantumness of the unitary channels is equal to the one of the identity channel, we have to prove the above assertion for the identity channel. Obviously, for the identity channel for which Λ = 1 3 and t = 0, the bound is saturated. On the other hand, if
, implies that the channel should be unital, i.e. t = 0, as the singular values of Λ cannot reach its maximum value 1 unless t = 0. Putting t = 0, there will be no condition onn ⊥ andn ⊥ , as such Λ = 1 3 and the channel is identity.
In the rest of this paper, we drop the subscript C 2 l1 from the quantumness and denote the quantumness, given by Eq. (4), by Q(E) for the sake of brevity. Next, we go into more details about qubit channels and their local action on a two-qubit system.
III. LOCAL ACTION OF THE QUANTUM CHANNELS
Equation (5) provides an analytical expression for the quantumness of qubit channels and should facilitate the investigation of questions concerning the quantum channels. In particular, it may be helpful to investigate questions concerning local actions of quantum channels such as the following; Will a channel with high nonclassicality will produce more quantum effects when the channel acts locally on composite systems? Is there any relation between the channel quantumness and the quantum correlation preserved under local action of the channel? To address these questions, we need to recall some important classes of quantum channels with special focus on their local action. A quantum channel E is called an entanglement-breaking channel, i.e., channels that wash out entanglement when applied locally [19] , if and only if it can be written in the so-called Holevo form [33] ,
where R n is a density matrix and {F n } forms a POVM. An important subclass of the entanglement-breaking channels is the so-called quantum-classical (QC) channels [33] , defined by Eq. (8) when R n = |n n|, where {|n } is an orthonormal basis. As it is clear from the definition, any QC channel is semiclassical. On the other hand, any semiclassical channel is at least coherence-breaking, with respect to some basis, but the latter is a subset of QC channels [18] . Accordingly, a quantum channel is quantum-classical if and only if it is semiclassical. Considering the effect of semiclassical channels in removing quantum aspects of input states, it has been mentioned that local semiclassical channels cannot create discord type correlations. It follows from the equivalency between quantum-classical and semiclassical channels that there is a much stronger fact: semiclassical channels not only cannot create quantum correlations locally but also destroy quantum correlations of the party they are applied on [34] . Even more, only these channels have such an effect. In summary, the following equivalent statements will clarify semiclassical channels [19, 34] ; (i) E is a semiclassical or QC channel, (ii) E is a discordbreaking channel. (iii) (I ⊗ E)|β β| is a zero-discord state on part B where
|ii is a maximally entangled state.
The above discussion suggests that for preserving quantum correlations in a composite system, the assumed quantum channel should retain some quantumness in the whole space of the one-party system. In the following, we will show that there is actually an interesting relation between the channel quantumness and the quantum correlation preserved under the local action of the channel. Not surprisingly, such relation is based on the ChoiJamio lkowski isomorphism, stating that there is a oneto-one correspondence between quantum channel E and quantum state ρ E = (I ⊗ E)|β β| [35] .
Observation 1
The following relation exists between quantumness of E, measured by Eq. (5), and quantum correlation of ρ E , measured by the (normalized) geometric discord
To prove this, we first need to assert the following lemma.
Lemma 1 Let E be a qubit channel described by the affine parameters Λ and t. Then E acts locally on Bob's side of a two-qubit state ρ AB as
where T b = T Λ t + xt t . Above x, y are the Bloch vectors of Alice and Bob, respectively, and T is the correlation matrix of the initial state.
See Appendix B for a proof of the above lemma. Now, using the above lemma, Observation 1 can be straightforwardly proven by noting the following: (i) For ρ AB = |β β|, with |β = (|00 + |11 )/ √ 2, we have x = y = 0 and T = diag{1, −1, 1}, so Eq. (10) reduces to
where Λ equals Λ except for the sign of its second column which is opposite to the one of Λ.
(ii) The normalized geometric discord [36] of ρ E is equal to the sum of two lower eigenvalues of N = (Λ Λ t + tt t )/2 = (ΛΛ t + tt t )/2. Recalling M = (ΛΛ t + 5tt t )/2 we get M = N + 2tt t . Evidently N ≤ M, [37] which completes the proof of the observation. Now, several properties of inequality (9) are in order. (i) Looking at two matrices M and N shows that D G (ρ E ) = Q(E) if and only if t = 0 (unital channels) or t is an eigenvector of N corresponding to its largest eigenvalue. (ii) D G (ρ E ) = 0 if and only if Q(E) = 0, which follows from the fact that both quantities vanish if and only if rank{N } = rank{M} = 1, that is to say, if and only if there exists a unit vectorn ∈ R 3 such that nn t t = t andnn t Λ = Λ. This was an expected result since QC channels are the only class of channels removing quantum discord and transforming any state into a quantum-classical state. (iii) Both quantities attain their maximum value 1 if and only if Λ is an orthogonal matrix (consequently t = 0), i.e. for the unitary channels which transform a maximally entangled state into a maximally entangled state. (iv) Both quantities are invariant under (local) unitary maps.
Paying attention to Q(E) and its common features with geometric discord we argue that, for the states defined by Eq. (11), this quantity has the properties necessary for a good measure of quantum correlation. The duality between E and ρ E , described by the Choi-Jamio lkowski isomorphism, reveals that the quantumness of E is a necessary resource for quantum correlation of ρ E . In other words, the preserved quantum correlation, measured by geometric discord, cannot exceed the quantumness of the channel. Moreover, the fact D G (ρ E ) = 0 if and only if Q(E) = 0, states that a channel with nonzero quantumness will preserve some quantum correlation. This sheds light on the claim that the more nonsemiclassical a quantum channel is, the more quantum correlation is preserved when the channel acts locally on a composite system. A semiclassical channel, on the other hand, destroys all one-party quantumness, and as such it cannot create or preserve any discord-like quantum correlation.
To demonstrate this, let us consider the amplitude damping channel characterized by the following Kraus operators [38] 
The affine parameters associated with this channel are
Straightforward calculations show that for this channel the quantumness and geometric discord are given by
and
respectively. Figure 1 shows the quantumness and geometric discord for this channel in terms of the channel's parameter γ. As can be seen from this figure, both quantumness and geometric discord are monotonically decreasing from 1 to 0 as the channel's parameter γ goes from 0 to 1. Indeed, when the damping rate γ passes from 1/2, quantum correlation reaches the channel's quantumness. For entanglement-breaking channels, although they may preserve a fraction of one-party quantumness, a significant amount of quantumness should be removed. More precisely, for such channels the quantumness is bounded above as
which holds for any unit vectorn which lies in the direction of t. This follows easily from Eq. (7) and noting that for entanglement-breaking channels we have [39] 
Clearly, both of the inequalities in Eq. (15) cannot be saturated simultaneously, so Q(E) does not definitely reach 1/2 for an entanglement-breaking channel. On the other hand, for the unital channels whose necessary and sufficient condition to be entanglementbreaking is i |λ i | ≤ 1 [39] , the quantumness is bounded above by 1/8, saturated for example by a channel described by the Kraus operators
Before we conclude this section, let us mention here that the quantity defined above measures the amount of quantumness preserved in the state during the action of the channel. Clearly, a nonzero value for the channel's quantumness does not offer an ability to create quantum correlation. For example, although unital qubit channels mostly preserve quantumness of the input states, they cannot create quantum correlation locally [20] . On the other hand, a nonunital channel described by the Kraus operators K 1 = |+ 1| and K 2 = |0 0| creates the maximum amount of quantum discord locally [40] , although its quantumness is only Q(E) = 1/4. In summary, for the creation of quantum correlations by a local channel, other additional properties rather than preserving quantumness are required.
IV. APPLICATION TO QUANTUM TELEPORTATION
Consider the generalized depolarizing channel described by the Kraus operators K i = √ p i σ i for i = 0, 1, 2, 3 where σ 0 = 1 2 , and σ 1 , σ 2 and σ 3 are the Pauli matrices. For this channel, the affine parameters are given by Λ = diag{λ 1 , λ 2 , λ 3 } and t = 0, where
and we get for quantumness of this chan-
The generalized depolarizing channel is of particular importance because of its usefulness in studying quantum teleportation. The teleportation protocol [41] consists of a two-qubit states ρ AB shared between two separated parties, say Alice and Bob, and an unknown qubit state ρ in = |ψ in ψ in | where |ψ in = cos ϑ/2|0 + e iϕ sin ϑ/2|1 with 0 ≤ ϑ ≤ π and 0 ≤ ϕ < 2π. The protocol is described by the generalized depolarizing channel
where p i = Tr(E i ρ AB ) and
Bell are the four maximally entangled Bell states associated with the Pauli matrices σ i , i.e.
Furthermore, for optimal utilization of a given entangled state as resource, one has to choose the local basis in such a way that p 0 = max{p i }.
To characterize the quality of the teleported state E GD (ρ in ), it is useful to look at the fidelity between ρ in and E GD (ρ in ). We find F (ρ in , E GD (ρ in )) = and we do not benefit from the quantum advantages. However, the inverse is not correct meaning that it is possible for the channel to possesses nonzero quantumness but the average fidelity of the teleportation to be less than 2/3. This implies that in order to have a teleportation protocol with fidelity better than the classical one, a nonzero quantumness for the associated channel is necessary, although it is not sufficient. For example, for the Werner state ρ AB = w|Ψ Ψ| + 
V. CONCLUSION
Regarding that quantum coherence is the most fundamental aspect of quantum physics, it can be used to characterize and quantify other nonclassical features identified in the emerging quantum information theory. Using this very signature of quantumness, we propose the average coherence of the channel's outputs, minimized over all incoherent bases, as the degree of nonclassical- ity of the channels, Q(E). This, intuitively, quantifies the amount of quantumness preserved by a quantum channel and measures the deviation of the assumed channel from the so-called semiclassical channels. Applying the square of C l1 (ρ) as a qualified measure of coherence for qubit systems, an analytical expression is gained for any qubit channel. It is shown that Q C 2 l 1 (E) attains its maximum value 1 for any unitary map, however, in other cases it cannot reach its maximum value due to the contraction of the Bloch sphere to its associated channel's ellipsoid, hence decreasing occurs in quantum properties. By decrease in quantum properties we mean that the error of description of states using a family of classical probability distributions is getting more and more close to being vanished when the measurement is in the minimized basis. Obviously, doing maximization rather than minimization in our definition of quantumness introduces the basis that most states are noncompatible with, meaning that most states show quantumness if we perform measurement in such a basis. In the case of maximization, it could be straightforwardly proved that the contraction into a totally mixed state has the lowest amount and contraction into a pure state, which is a semiclassical map, has the largest amount.
Moreover, utilizing the Choi-Jamio lkowski isomorphism between the quantum channel E and Choi state ρ E , we show that the amount of quantum correlation preserved in the Choi state is bounded above by the amount of quantumness of the quantum operation. The bound is saturated both for the zero-discord states and the maximally entangled ones. Even more, the saturation occurs faithfully in a sense that one quantity attains its respective minimum (maximum) if and only if the other one attains its minimum (maximum). This, in turn, proposes to consider the quantumness of E as a necessary resource for the quantum correlation of ρ E and suggests that such notion of quantumness can be considered as a quantum correlation measure for the class of Choi states. For an entanglement-breaking channel whose local action washes out all quantum entanglement of the input states, the preserved discord type quantum correlation of the Choi states cannot be larger than the washed out one, meaning that the channel should clear more than half the discord type correlations in order to remove all quantum entanglement. Due to the widespread application of the quantum channels in quantum information theory, presenting a measure to quantify nonclassicality of the quantum channels could be helpful in identifying the resources of the quantum advantages. We further introduce such application by applying our measure to quantum teleportation protocol and showing that the quantumness of the underlying channel is a necessary resource to gain fidelity better than the one offered by the best classical protocol.
Finally, it should be noted that averaging over pure states rather than all states in Eq. (1) leads also to a measure quantifying quantumness (nonsemiclassicality) of the quantum channels. Quantumness obtained using such substitution in qubit systems through C
[42] 
and we have defined q i = a 2 i and q i = |b i | 2 (for i = 1, 2) with conditions q 1 + q 2 ≤ 1 and q 1 + q 2 ≤ 1. In Eq. (A2), the first line follows from the fact that the three last Kraus operators remove coherence of the input states. To complete the proof of monotonicity of C 2 l1 (ρ), we need to show that w(q i , q i , ρ) cannot exceed 1. A straightforward calculation can be applied to see that for the parameters q 1 = q 1 = 1 − q 2 = 1 − q 2 , the factor w(q i , q i , ρ) reaches its maximum value 1. This completes the proof.
